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Abstract We propose a novel linear dimensionality reduction algorithm, namely Locally
Regressive Projections (LRP). To capture the local discriminative structure, for each data
point, a local patch consisting of this point and its neighbors is constructed. LRP assumes
that the low dimensional representations of points in each patch can be well estimated by a
locally fitted regression function. Specifically, we train a linear function for each patch via
ridge regression, and use its fitting error to measure how well the new representations can
respect the local structure. The optimal projections are thus obtained by minimizing the
summation of the fitting errors over all the local patches. LRP can be performed under either
supervised or unsupervised settings. Our theoretical analysis reveals the connections between
LRP and the classical methods such as PCA and LDA. Experiments on face recognition and
clustering demonstrate the effectiveness of our proposed method.
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1

Introduction

High dimensional data sets are common in various domains such as engineering,
biology, and economics. However, the performance of many learning algorithms
degrades rapidly as the dimensionality increases, which is referred to as the curse of
dimensionality [14] . As a result, dimensionality reduction becomes an essential data
preprocessing technique for finding meaningful low-dimensional structures hidden in
the original high-dimensional space[10] . Two of the most well known algorithms are
Principal Component Analysis (PCA) and Linear Discriminant Analysis (LDA).
Principal Component Analysis (PCA)[3] reduces the dimensionality of the input
data by finding a few orthogonal linear projections such that the variance of the
projected data is maximized. It turns out that these projections are the leading
eigenvectors of the covariance matrix of the data, which are called principal
components. Linear Discriminant Analysis (LDA)[8] is a supervised dimensionality
reduction method which seeks directions that are optimal for discrimination. It aims
to map points of different classes far from each other, while keeping points from the
same class close. Both PCA and LDA consider only the global Euclidean structure,
and fail to respect the local geometric structure.
Instead of focusing on global structure, local approaches for dimensionality
reduction try to preserve the local geometry of the data space[9] . Typical local
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approaches include Locally Linear Embedding (LLE)[18] , Laplacian Eigenmap
(LE)[4] , Neighborhood Preserving Embedding (NPE)[11] , and Locality Preserving
Projections (LPP)[12] . These methods have succeeded in recovering the intrinsic
geometric structure of a broad class of nonlinear data manifolds. Besides, it has
been shown that all of those algorithms can be reformulated in a general graph
embedding framework, and their differences lie in the way of describing the local
geometry[15,26] .
Among those approaches, Locally Linear Embedding (LLE)[18] is one typical local
learning method which characterizes the local geometry of the data space by linear
coefficients that reconstruct each point from its neighbors. It then assumes that the
embedding of each point can also be reconstructed from its neighbors’ embeddings
with the same coefficients. Recently, Wu[24] et al. proposed another local method
named Local Learning Projections (LLP). Similar to LLE, LLP assumes that the
projection value of each point can be estimated based on its neighbors and their
projected coordinates. The difference is that LLP trains a kernel machine at each
point and each projection to do the estimation. Both LLE and LLP aim to minimize
the estimation errors of all the data points, and the estimation error of each point is
counted once in their objection functions. Thus, different points are treated equally
in LLE and LLP. However, in real word applications, data points are usually not
uniformly distributed, and thus it is more reasonable to assign large weights to points
sampled from dense regions.
Inspired by recent developments in local learning[18,24,25] , a novel linear
dimensionality reduction algorithm, called Locally Regressive Projections (LRP), is
proposed in this paper. LRP is fundamentally built upon the idea of local linear
regression, which is recently applied to ranking[25] and coclustering[27] . For the
purpose of discovering the local discriminative structure, we define a local patch for
each data point as the set containing this point and its neighbors. LRP assumes
that for each local patch in the data space, the low dimensional representations of
points belonging to it can be well estimated by a locally fitted function. Specifically,
we adopt ridge regression to learn a locally linear function for each patch, using
point belonging to this patch as the training data. Then, the fitting error of the
local function provides a natural measurement for the projection performance. The
objective function of LRP is thus defined as the summation of the fitting errors over
all the local patches. And the optimal projections are obtained by minimizing this
summation, which can be solved efficiently via eigenvalue decomposition. Since the
local patch can be constructed according to the label information, LRP can be
easily extended by incorporating prior knowledge.
One important property of LRP is that it is adaptive to the underlying data
density. Because the fitting error of ridge regression contains the estimation errors of
all the training points, LRP actually minimizes the estimation errors of all the points
in each patch. Since points sampled from dense regions would appear in more local
patches, these points will receive higher weights than those from sparse regions. In
this way, LRP can model the local discriminative structure more accurately than LLE
and LLP.
The rest of the paper is organized as follows. In Section 2, we give a brief review
of several related work. Our proposed dimensionality reduction algorithm LRP is
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introduced in Section 3. Discussions with related methods are given in Section 4.
Experiments are presented in Section 5. Finally, we provide some concluding remarks
in Section 6.
2

Related Work
The major notations used in this paper are summarized in Table 1.
Table 1
xi ∈

2.1

Rn

List of notations used in this paper
the i-th data point

X ∈ Rn×m

the data matrix consisting of xi ’s, i.e. X = [x1 , · · · , xm ]

yi ∈ Rp

the p-dimensional new representation of xi

Y ∈ Rp×m

the data matrix consisting of yi ’s, i.e. Y = [y1 , · · · , ym ]

y l ∈ Rm

the l-th column of Y T , i.e. Y T = [y1 , · · · , yp ]

P ∈

Rn×p

the projection matrix, i.e. Y = P T X

pl ∈

Rn

the l-th column of P , i.e. P = [p1 , · · · , pp ] and yl = X T pl

Ni−
n−
i

the local patch consisting of neighboring points of xi

Ni

the local patch consisting of xi and its neighboring points

the number of points in Ni− , i.e. |Ni− |

ni

the number of points in Ni , i.e. |Ni |

1k

the k-dimensional constant vectors of all ones

I

the identity matrix

Πk

the k × k centering matrix, i.e. I −

ek

the k-th unit vector

1
1 1T
k k k

The linear dimensionality reduction problem

Given a set of m points {x1 , · · · , xm } ⊆ Rn , linear dimensionality reduction looks
for a projection matrix P = [p1 , · · · , pp ] ∈ Rn×p which maps these m points to a set
of points {y1 , · · · , ym } ⊆ Rp , that capture the content in the original data, according
to some criterion[10] . Let X = [x1 , · · · , xm ] and Y = [y1 , · · · , ym ], then Y = P T X.
2.2
2.2.1

Classical methods
Principal component analysis (PCA)

PCA[3,8] can be defined in terms of the orthogonal projections which maximize
the variance in the projected subspace. The optimization problem of PCA can be
formularized as:
¡
¢
max Tr P T CP
P
(1)
s.t. P T P = I
where C is the data covariance matrix. Let x̄ be the sample mean, 1m be the m1
dimensional constant vectors of all ones, and Πm = I − m
1m 1Tm be the centering
matrix. The data covariance matrix C is defined as:
m

C=

1
1 X
(xi − x)(xi − x)T = XΠm X T
m i=1
m

(2)
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The optimal solution P ∗ of (1) is given by the eigenvectors of C associated with
the largest eigenvalues.
2.2.2

Linear discriminant analysis (LDA)

LDA[8] tries to minimize the within-class variance and maximize the betweenclass variance simultaneously. Suppose the given m points belong to c classes. Let m
be the total sample mean vector, ri be the number of samples in the i-th class, mi be
the sample mean vector of the i-th class, and xij be the j-th sample in the i-th class.
One of the most common objective functions of LDA is as follows:
¡
max T r (P T SW P )−1 (P T SB P ))
(3)
P

where SW and SB are the within-class scatter matrix and between-class scatter matrix,
respectively. They are defined as:


ri
c
X
X
¡ i
¢
¡
¢
T

SW =
xj − mi xij − mi 
(4)
i=1

SB =

c
X

j=1

ri (mi − m)(mi − m)T

(5)

i=1

The projections of LDA are computed by solving the following generalized
eigenvalue problem:
SB α = γSW α
(6)
The optimal projections correspond to the eigenvectors associated with the
largest eigenvalues. Since the rank of SB is bounded above by c − 1, LDA is unable
to find more than c − 1 projection vectors.
2.3
2.3.1

Local learning based methods
Locally linear embedding (LLE)

Locally Linear Embedding (LLE)[18] characterizes the local geometric structure
by linear coefficients that reconstruct each data point from its neighbors. Let Ni− be
local patch consisting of neighboring points of xi , not including xi itself. The optimal
reconstruction coefficients are found by solving the following optimization problem:
Pm
Pm
min i=1 kxi − j=1 Wij xj k2
W
Pm
(7)
s.t.
j=1 Wij = 1, i = 1, · · · , m
Wij = 0 if xj ∈
/ Ni−
where the variable is the matrix W ∈ Rm×m , and Wij summarizes the contribution of
the j-th data point to the i-th reconstruction. LLE assumes that the low dimensional
embedding of each point can also be reconstructed from its neighbors’ embeddings
with the same coefficients. For each data point xi , the following function is used to
reconstruct its embedding:
m
X
fi (xi ) =
Wij yj
(8)
j=1
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LLE aims to minimize the reconstruction errors of all the data samples, and its
objective function is given by
m
X

kyi − fi (xi )k2 =

i=1

m
X

kyi −

i=1

m
X

Wij yj k2 = kY T − W Y T k2

(9)

j=1

As can be seen from Eq. (9), the reconstruction error of each point is counted
once, thus different points receive the same weight in LLE.
Different from PCA and LDA, LLE is a nonlinear dimensionality reduction
method, and can’t apply to unseen data samples. To address the out-of-sample
problem, the linearization of LLE is discussed in Ref. [11].
2.1.1

Local learning projections (LLP)

LLP[24] assumes that the projection value of each point can be estimated based
on its neighbors and their projected coordinates. At each point xi and each projection
l, LLP fits a Kernel Machine fil (x) using {xj , yjl }xj ∈N − as the training data. Denote
i

l
[20]
the size of Ni− as n−
, and
i . The function fi (xi ) is fitted via kernel ridge regression
we obtain
−
T
−1 l
fil (xi ) = (k−
yi
(10)
i ) (Ki + λI)
−

−

−

ni
is the vector [K(xi , xj )]T for xj ∈ Ni− , Ki− ∈ Rni ×ni is the local
where k−
i ∈ R
−
kernel matrix over Ni− , and yil ∈ Rni is the vector [yjl ]T for xj ∈ Ni− .
−
T
−1
Let αTi = (k−
. The objective function of LLP is defined as the
i ) (Ki + λI)
summation of the estimation errors of all the points:
p X
m
X
¡
l=1 i=1

p X
m
¢2 X
yil − fil (xi ) =
(yil − αTi yil )2

(11)

l=1 i=1

The estimation error of each point is also counted once in Eq. (11), so the
importance of each point is the same in LLP.
2.4

More recent progresses

As an extension of PCA, Dirichlet Component Analysis (DCA)[23] is proposed to
handle the compositional data (positive constant-sum real vectors). DCA attempts
to find the optimal projection that maximizes the estimated Dirichlet precision on the
projected data, thus reducing the compositional data to a lower dimensionality such
that the components are de-correlated as much as possible. In Ref. [28], Worst-case
Linear Discriminant Analysis (WLDA) is developed by defining new between-class
and within-class scatter measures. WLDA adopts the worst-case view and is more
suitable for applications such as classification.
In Ref. [19], Structure Preserving Embedding (SPE) is proposed for embedding
graphs in a low-dimensional Euclidean space such that the global topological
properties of the input graph are preserved. SPE is formulated as a semi-definite
program constrained by a set of linear inequalities which captures the connectivity
structure of the graph. Instead of focusing the structure of the data space, Local
Minima Embedding (LME)[16] tries to find a low-dimensional embedding that
preserves the local minima structure of a given objective function. The embedding
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of LME is useful for visualizing and understanding the relation between the original
variables that create local minima. Stochastic neighbour embedding (SNE)[13] is a
famous dimensionality reduction method which aims to optimally preserve
neighborhood identity. In [7], a new method named Elastic Embedding (EE) is
proposed, which reveals the relationship between Laplacian Eigenmap[4] and SNE.
3

Locally Regressive Projections (LRP)

In local dimensionality reduction approaches, points belonging to dense regions
will impact many more points than others. However, existing local learning methods
such as LLE and LLP ignore this difference and assign the same weight to all the
points. In the following, we introduce our density adaptive algorithm: Locally
Regressive Projections.
3.1

The objective

Since (local) linear regression has been widely studied in other problems, the
mathematical formulations in this subsection are similar to some other work[1,25,27] .
The key difference is that here local linear regression is applied to dimensionality
reduction.
For each data point xi , we define the local patch Ni be the set containing xi and
its neighboring points, with the size ni . And we define Ai = {j | xj ∈ Ni } be the
set containing the indices of samples in Ni . Let Xi ∈ Rn×ni be the local data matrix
consisting of samples in Ni , that is, Xi = [xj ] for j ∈ Ai . Let Yi ∈ Rp×ni be the data
matrix containing the new representations of points in Ni , that is, Yi = [yj ] for j ∈ Ai .
Since matrix Yi is a part of Y , we can construct a selection matrix Si ∈ {0, 1}m×ni
for each Yi such that
Yi = Y Si
(12)
Si is constructed as follows: Si = [ej ] for j ∈ Ai , where ej is a m-dimensional vector
whose j-th element is one and all other elements are zero.
For each patch Ni , we consider fitting a multi-output linear function
fi (x) = WiT x + bi

(13)

to approximate the new representations of points in Ni . In this linear function,
Wi ∈ Rn×p is the coefficient matrix, and bi ∈ Rp is the intercept. Using ridge
regression[14] , the local function is obtained by solving the following problem:
min

Wi ,bi

1
kYi − WiT Xi − bi 1Tni k2F + λkWi k2F
ni

(14)

where the penalty term λkWi k2F is introduced to avoid overfitting. Taking the first
order partial derivatives of Eq. (14) with respective to Wi , bi and requiring them to
be zero, we get the optimal Wi∗ and b∗i :
Wi∗ = (Xi Πni XiT + ni λI)−1 Xi Πni YiT
¢
1¡
b∗i =
Yi − (Wi∗ )T Xi 1ni
ni

(15)
(16)
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where I is the identity matrix and Πni = I − n1i 1ni 1Tni is the centering matrix. For
the sake of brevity, we drop the subscript ni from the centering matrix Πni when the
dimension can be easily inferred from the context.
Let Ji denote the fitting error of the local function fi (x), which is given by the
minimum of Eq. (14):
Ji
1
= kYi − (Wi∗ )T Xi − b∗i 1Tni k2F + λkWi∗ k2F
ni
¢
1
1¡
= kYi − (Wi∗ )T Xi −
Yi − (Wi∗ )T Xi 1ni 1Tni k2F + λkWi∗ k2F
ni
ni
¢ 2
1 ¡
∗ T
= k Yi − (Wi ) Xi ΠkF + λkWi∗ k2F
ni
¡
¢
1
= kYi Π − ΠXiT (Xi ΠXiT + ni λI)−1 Xi Π k2F + λk(Xi ΠXiT + ni λI)−1 Xi ΠYiT k2F
ni
¢2 ´
1 ³ ¡
= Tr Yi Π − ΠXiT (Xi ΠXiT + ni λI)−1 Xi Π YiT
ni
¡
¢
+ λTr Yi ΠXiT (Xi ΠXiT + ni λI)−2 Xi ΠYiT
¡ ¡
¢ ¢
1
= Tr Yi Π − ΠXiT (Xi ΠXiT + ni λI)−1 Xi Π YiT
ni
(17)
In the above derivations, we have used the fact that the centering matrix is
idempotent, so that Π = Πk for k = 1, 2, · · · . For each local patch Ni , we define
Li =

¢
1¡
Π − ΠXiT (Xi ΠXiT + ni λI)−1 Xi Π
ni

(18)

which characterizes the local discriminative structure of Ni . The formulation of Li in
Eq. (18) involves the inverse of one n × n matrix, which is computationally expensive
when the dimensionality is high. Using the Woodbury-Morrison formula[21] , Li can
be reformulated as[1] :
¢
1¡
Π − ΠXiT (Xi ΠXiT + ni λI)−1 Xi Π
ni
¢
1 ¡
= Π I − ΠXiT (Xi ΠXiT + ni λI)−1 Xi Π Π
ni
¢
1 ¡
= Π I − IΠXiT (Xi ΠIΠXiT + ni λI)−1 Xi ΠI Π
ni
1
1
= Π(I +
ΠXiT Xi Π)−1 Π
ni
ni λ
=λΠ(ni λI + ΠXiT Xi Π)−1 Π

(19)

The above equation needs to compute the inverse of one ni × ni matrix, which
is quite efficient, since the size of the local patch is usually very small.
The fitting error Ji treats Yi as the variable, and measures how well do the new
representations respect the local discriminative structure. Thus, good representations
should give rise to minimal fitting errors. The objective function of LRP is naturally
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defined as the summation of the fitting errors over all the local patches {Ni }m
i=1 :
m
X
i=1

Ji =

m
X

Tr(Yi Li YiT ) =

i=1

m
X

m
³ ¡X
¢ ´
Tr(Y Si Li SiT Y ) = Tr Y
Si Li SiT Y T

i=1

(20)

i=1

Because our goal is to learn a projection matrix P such that Y = P T X, the
objective function in terms of P is
m
³
´
¡X
¢
T
Tr P X
Si Li SiT X T P

(21)

i=1

Finally, we have
Definition 1.

Locally Regressive Projections (LRP):
min Tr(P T XLX T P )
P

s.t. P T XX T P = I
Pm
L = i=1 Si Li SiT

(22)

The constraint P T XX T P = I is added to remove the arbitrary scaling factor
in the projection. The matrix L is similar to the Laplacian matrix in Ref. [4], as
indicated by the following theorem.
Theorem 3.1.
L is a positive semi-definite matrix, and 1 is its eigenvector
with eigenvalue 0.
Proof:
From Eq. (19), it is obvious that the matrix Li is positive
Pm
[1]
T
semi-definite . Thus, the matrix L =
i=1 Si Li Si is also positive semi-definite.
Following Eq. (18), we can conclude that
L1 =

m
X
i=1

Si Li SiT 1 =

m
X

Si Li 1 = 0,

(23)

i=1

where we use the fact that SiT 1 = 1 and Π1 = 0. So, 1 is an eigenvector of L with
eigenvalue 0.
¤
Following the Rayleigh-Ritz theorem[17] , we know that the optimal P ∗ that
minimizes Eq. (22) is given by the smallest eigenvectors of the following generalized
eigenvalue problem:
XLX T α = γXX T α
(24)
Let {α1 , · · · , αp } ⊂ Rn be the smallest eigenvectors of Eq. (24) ordered according to
their eigenvalues, λ1 6 · · · 6 λp . Then, P ∗ is given by
P ∗ = [α1 , · · · , αp ]
3.2

(25)

The algorithm
In summary, the algorithm of LRP is stated below:

1. Local relationship construction: The neighbors of each data point can be
found using the following two ways[4] :
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(a) ²-neighborhoods. xj is the neighbor of xi , if kxi − xj k2 < ².
(b) k nearest neighbors. xj is the neighbor of xi , if xj is among the k nearest
points of xi .
Note that, if we are facing supervised dimensionality reduction problem, we can
make use of the label information by requiring that neighboring points must
belong to the same class.
Pm
Then, we calculate the matrix L = i=1 (Si Li SiT ), where Li is given by Eq. (18)
and Eq. (19).
2. Data centering and PCA projection: The mean of x is removed from each
xi :
m

x̄ =

1 X
xi
m i=1

x̂i = xi − x̄, for 1 6 i 6 m

(26)
(27)

Then, we project each data point x̂i into the PCA subspace by throwing away
the smallest principal components. We denote the projection matrix of PCA by
PP CA . Through data centering, the trivial solution P T X = 1m is removed[5] .
The role of PCA is to make the matrix XX T positive definite, which is necessary
bP CA denote the
in solving the generalized eigenvalue problem (24)[5] . We use X
data matrix after this step.
3. Calculating the Projection matrix: Compute the eigenvectors for the
following generalized eigenvalue problem:
bP CA LX
bPT CA α = λX
bP CA X
bPT CA α
X

(28)

Denote the projection matrix resulting from solving the eigenvectors from
Eq. (28) as PLRP .
4. Projection: The final projection matrix P is given by P = PP CA PLRP . Given
a test point xi , its projection value yi is
T
yi = P T (xi − x̄) = PLRP
PPTCA (xi − x̄)

3.3

(29)

Complexity analysis of LRP

Supposing we use the k nearest neighbors way to construct the local patches, the
computational complexity of LRP is dominated by the following steps:
– Find the k nearest neighbors of each point, and compute L
– O(m2 n) is used to calculate the pairwise distances between the m
samples, and O(m2 log m) is used for finding k-nearest neighbors of all
the m samples.
– O(m(nk 2 + k 3 )) is used to calculate Li according to Eq. (19) for all the m
samples.
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– PCA Projection
– The complexity is O(mn2 + n3 ).
– Solve the generalized eigenvalue problem (28)
– The complexity is at most O(m2 n + mn2 + n3 ).
¡
¢
In summary, the total cost of LRP is O m2 log m + mn(k 2 + m + n) + mk 3 + n3 .
4
4.1

Theoretical Analysis
Connections to LLE and LLP

LLE, LLP and LRP are all local learning algorithms for dimensionality reduction.
The major difference of the three methods lies in their objective function. LLE and
LLP minimize the summation of the estimation (or reconstruction) errors of all the
data points. Thus, all the points are treated equally in LLE and LLP. On the other
hand, LRP minimize the summation of the fitting errors over all the local patches.
Since the fitting error at one patch contains the estimation errors of all the points in
this patch, and points sampled from dense regions will appear in more patches than
others, LRP actually assigns higher weights to points in dense regions. We expect in
this way, LRP can model the local geometry structure more accurately.
One interesting property of LRP is that it is equivalent to PCA and LDA in some
extreme cases. And we show this fact in the following.
4.2

Connection to PCA
Theorem 4.1. When ni = m, LRP is equivalent to PCA.
Proof:
Using the fact that Xi = XSi holds for all i, and after some

mathematical derivations we have
XLX T =

m
X
i=1

(XSi Li SiT X T ) =

m
X

Xi Li XiT

i=1

m
X
¢
1 ¡
=
Xi Π − ΠXiT (Xi ΠXiT + ni λI)−1 Xi Π XiT
n
i=1 i

=

m
X
¢
1¡
Xi ΠXiT − Xi ΠXiT (Xi ΠXiT + ni λI)−1 Xi ΠXiT
n
i=1 i

(30)

m
X
¢
1¡
Xi ΠXiT − Xi ΠXiT (Xi ΠXiT + ni λI)−1 (Xi ΠXiT + ni λI − ni λI)
=
n
i=1 i

=λ

m
X
¡

Xi ΠXiT (Xi ΠXiT + ni λI)−1

¢

i=1

ni = m means that the entire data set is treated as a neighborhood. So Xi = X
for all i, and Eq. (30) becomes:
¢
¡
1
XLX T = mλ XΠX T (XΠX T + mλI)−1 = XX T (
XΠX T + I)−1
mλ

(31)
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Since data centering is one preprocessing step in our algorithm, we can assume
that data has been centered for simplicity. Then, the data covariance matrix C
becomes:
1
1
C = XΠX T = XX T
(32)
m
m
Substituting Eq. (31) and Eq. (32) into Eq. (24), we have
1
1
1
1
mC( C + I)−1 α = γmCα ⇔ ( C + I)−1 α = γα ⇔ ( C + I)α = α
λ
λ
λ
γ

(33)

Thus, the optimal projections of LRP is given by the largest eigenvectors of
( λ1 C + I). Since the eigenvectors of ( λ1 C + I) and C are the same, and with the same
orders, LRP is equivalent to PCA when ni = m.
¤
4.3

Connection to LDA

Theorem 4.2.
In supervised dimensionality reduction case, if all the points
of the same class are treated as neighbors, then LRP converges to LDA as λ → ∞.
Proof: Suppose the given m points are centered and belong to c classes. Let
ri denote the the number of samples in the i-th class, and X i be the data matrix
consisting of samples in the i-th class. Then Eq. (30) becomes:
XLX T
c
³
X
¡
¢−1 ´
=
ri λ X i Πri (X i )T X i Πri (X i )T + ri λI
=

i=1
Ã
c
X

µ

X i Πri (X i )T

i=1

We have
lim XLX T =

λ→∞

1 i
X Πri (X i )T + I
ri λ
c
X
¡

X i Πri (X i )T

¢

¶−1 !

(34)

(35)

i=1

In LDA, it is easy to check that the following relationships hold for the withinclass scatter matrix and between-class scatter matrix:
SW =

c
X
¡

X i Πri (X i )T

¢

(36)

i=1

SW + SB = XΠm X T

(37)

Thus, the solution of LDA is also given by the smallest eigenvectors of the
following generalized eigenvalue problem[6,15] :
c
X

X i Πri (X i )T α = γXΠm X T α

(38)

i=1

Following Eq. (4.35), we can conclude that as λ → ∞, the eigenproblem (24) of
LRP converges to the eigenproblem (38) of LDA.
In practice, λ is much smaller than ∞, so LRP can project points into a subspace
whose dimensionality exceeds c − 1.
¤
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Experiments

In this section, we evaluate the performance of our proposed LRP algorithm for
both supervised dimensionality reduction (face recognition) and unsupervised
dimensionality reduction (face clustering). To demonstrate the effectiveness of our
proposed algorithm, we evaluate and compare five dimensionality reduction
methods:
– Principal Component Analysis (PCA)[3] ;
– Linear Discriminant Analysis (LDA)[8] ;
– Neighborhood Preserving Embedding (NPE)[11] , which is a linear
approximation to Locally Linear Embedding (LLE)[18] ;
– Local Learning Projections (LLP)[24] ;
– Locally Regressive Projections (LRP), which is the method proposed in
this paper.
Two face images databases are used in the experiments: the CMU PIE face
database and the Extended Yale-B face database. The PIE face database contains
41,368 images of 68 people. The face images were captured under 13 different Poses,
43 different Illumination conditions, and with 4 different Expressions. We choose the
frontal pose (C27), which has 3329 face images. The Extended Yale-B face database
contains 16128 images of 38 human subjects under 9 poses and 64 illumination
conditions. We also choose the frontal pose, thus leaving us with 2414 images in
total.
All the face images are manually aligned and resized to 32 × 32 pixels. So, each
image is represented as a 1024-dimensional vector. In our experiments we pre-process
the data by normalizing each face vector to unit length. We apply the k nearest
neighbors way to finding the local patches for NPE, LLP and LRP. k is empirically
set to 5 for all the methods. The parameter λ in LLP and LRP is set to 1.
5.1

Face recognition

For face recognition, we compare our algorithm with PCA[2] , LDA[2] , NPE[11] ,
and LLP[24] . Classification in the original 1024-dimensional space is referred to as
Baseline.
For each database, r images per class are randomly selected as training samples,
and the rest are used for testing. The training samples are used to learn the projection
matrix P ∈ Rn×p for each method. For PCA, NPE, LLP and LRP, the dimension of
the subspace (i.e., p) varies from 1 to 150. For LDA, p varies from 1 to c−1, where c is
the number of classes. To make use of the label information, in NPE, LLP, and LRP,
we require that the neighboring points belong to the same class. Both the training
and testing data are mapped into a low-dimensional subspace by the learned matrix
P . Then, 1-nearest neighbor (1-nn) classifier is used to classify the testing data. For
each given r, 20 training/testing splits are randomly generated and the average testing
error over these splits is used to evaluate the classification performance.
We show the error rate versus the dimension for each algorithm on the PIE and
Yale-B databases in Figs. 1 and 2, respectively. We can see that the performance of
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these algorithms varies with the number of dimensions. Tables 2 and Table 3 show the
best results together with the standard deviations obtained by these algorithms, while
the numbers in parentheses denote the optimal number of dimensions. As can be seen,
our LRP algorithm outperforms all the other algorithms on the entire range. And
the error rate of LRP decreases much faster than other algorithms as the dimension
increases.
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Figure 1.

Table 2

Error rate vs. dimensionality reduction on CMU PIE database.

Recognition error rate of different algorithms on the CMU PIE
database (mean±std-dev%)

Method

10 train

20 train

30 train

Baseline

23.1 ± 0.89 (1024)

9.22 ± 0.54 (1024)

4.33 ± 0.51 (1024)

PCA

24.5 ± 0.89 (150)

10.2 ± 0.57 (150)

LDA

4.96 ± 0.40 (67)

4.21 ± 0.45 (67)

2.92 ± 0.45 (67)

NPE

5.23 ± 0.35 (147)

4.44 ± 0.59 (147)

2.44 ± 0.38 (63)

LLP

3.64 ± 0.43 (146)

2.72 ± 0.32 (150)

2.57 ± 0.42 (150)

LRP

3.29 ± 0.37 (100)

2.05 ± 0.33 (85)

1.6 ± 0.31 (78)

4.9 ± 0.51 (150)
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Figure 2.
Table 3

5.2

Error rate versus dimension on Yale-B database.

Recognition error rate of different algorithms on the Yale-B database
(mean±std- dev%).

Method

20 train

30 train

40 train

Baseline

30.8 ± 1.2 (1024)

22.6 ± 0.98 (1024)

18.1 ± 1.1 (1024)

PCA

34.9 ± 1.1 (150)

27.6 ± 1.0 (150)

23.6 ± 1.0 (150)

LDA

8.78 ± 0.87 (37)

13.0 ± 1.3 (37)

4.50 ± 0.72 (37)
2.47 ± 0.41 (139)

NPE

7.2 ± 0.77 (146)

9.74 ± 0.96 (148)

LLP

5.3 ± 0.55 (144)

3.72 ± 0.59 (146)

2.99 ± 0.67 (150)

LRP

4.28 ± 0.65 (114)

2.06 ± 0.42 (149)

1.32 ± 0.51 (130)

Face clustering

Face clustering is unsupervised and we compare our algorithm with PCA, NPE,
and LLP. In our experiments, the entire database in used to learn a projection
matrix P , and all the points are mapped into a low dimensional subspace. The low
dimensional representations are centered and normalized to unit length in the
projected subspace before clustering. We use k-means as our clustering algorithm.
The result of k-means in the original feature space is referred to as Baseline.
Since k-means algorithm can only find local minimum, and is sensitive to initial
points. So in each case we apply it 10 times with different start points and the
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5.3

No rma liz ed mu tu a l in fo rma tio n (% )

No rma liz ed mu tu a l in fo rma tio n (% )

best result in terms of the objective function of k-means is recorded. The clustering
performance is evaluated by comparing the obtained label of each image with that
provided by the ground truth. The normalized mutual information metric (M I) is
used to measure the clustering performance[5] . M I ranges from 0 to 1. It equals 1 if
two sets of clusters are identical, and equals 0 if two sets are independent.
Figure 3 plots the normalized mutual information versus the dimension for the
Baseline, PCA, NPE, LLP, and LRP on the two databases. We observe that our
proposed LRP outperforms other algorithms on both data sets. The performance
of LLP is bad when the dimension is low, but it increases quickly as the dimension
increases.
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Normalized mutual information versus dimension on the CMU PIE and Yale-B
databases.

Parameter selection

The size of the local patch is an essential parameter of all the local learning
methods. In the previous experiments, we construct the local patch by finding the k
nearest neighbors of each points and k is set to 5. In the following, we examine the
impact of k on the performance of NPE, LLP and LRP. For brevity, we just show the
results on the CMU PIE database, and the results on the Yale-B database is similar.
Since the CMU PIE database contains 68 classes, we fix the dimension of the subspace
at 67.
For face recognition, we select r = 30 images per class as training samples, and
report the average testing error over 20 training/testing splits. The experiment of
face clustering uses the whole database. Figure 4 shows the results of face recognition
and clustering versus k on the CMU PIE database. The performance of LRP for face
recognition is not sensitive to k. Specifically, the error rate of LRP only increases
a little as k increases from 2 to 20. That is probably because in the case of face
recognition, the label information is used to find the k nearest neighbors. On the
other hand, the performance of LRP for face clustering changes noticeably as k varies.
Nevertheless, our LRP outperforms all the other methods on the whole range of k for
both face recognition and clustering. And the best size of the local patch is around
5.
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The impact of the number of nearest neighbors k on the CMU PIE database.

Conclusions

This paper proposes a novel linear dimensionality reduction algorithm called
Locally Regressive Projections (LRP). Unlike previous methods, we assumes the low
dimensional representation of each point as well as its neighbors can be well estimated
using a locally fitted function. The optimal projections are found by minimizing
the summation of the fitting errors of all the local functions. Theoretical analysis
reveals that there are close connections between our proposed LRP algorithm and the
canonical methods PCA and LDA. Experimental results on two standard databases
show that our algorithm can significantly improve the performance of both supervised
face recognition and unsupervised face clustering.
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